Abstract -The l -D eigenfilter approach is extended for designing 2-D FIR filters. By minimizing a quadratic measure of the error in the 2-D frequency band, an eigenvector of an appropriate matrix is computed to get the filter coefficients. This method is not only simple but is also optimal in the least-squares sense. Several numerical design examples of 2-D arbitrary shape filters are used to illustrate the effectiveness of this approach.
I. INTRODUCTION ECENTLY, Vaidyanathan and Nguyen introduced a
R new method for the design of l-D linear phase FIR digital filters, referred to as the eigenfilter method [l] , which involves minimizing a quadratic measure of the error in the passband and stopband. The method is based on the computation of an eigenvector of a quadratic measure of the error in the passband and stopband. The method is based on the computation of an eigenvector of a real, symmetric, and positive-definite matrix; the resultant eigenvector corresponding to the smallest eigenvalue is the desired filter coefficient. The advantage of the eigenfilter approach over the McClellan-Parks algorithm [2] is that it is general enough to incorporate both time-and frequency-domain constraints.
In this paper, the l-D eigenfilter approach is extended for designing 2-D quadrantal symmetric FIR filters. A similar idea is independently developed by Nashashibi and Charalambous [3] . The method is proposed by minimizing a quadratic measure of the passband and/or stopband error in the 2-D frequency domain. The total error function can be formulated as = aEP + P E , where O,( wl, w,) desired amplitude response,
H(w,, w2) actual amplitude response of the 2-D filter
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passband error, stopband error, EP E, P passband region, S stopband region, P weighting constants whch control the relative accuracies of approximation in the passband and stopband, respectively. In general, the larger the parameter, the better the performance of its corresponding band. (Y and P can also be a function w1 and/or w,.
Equation (1) can be' reformulated properly such that it has the following form:
where t is the vector transpose operation, Q is a real, symmetric and positive-definite matrix, and A is a real vector related to the 2-D filter impulse response h(n,, n,) in some manner. By Rayleigh principle [4], the eigenvector A associated with the smallest eigenvalue of matrix Q minimizes the total error E . This approach is optimal in the least square sense, and is flexible for designing 2-D FIR filters with additional timeand/or frequency-domain constraints. In Section 11, we formulate the quadratic function of error and present some design examples such as 2-D circular low-pass filters, fan filters, etc. Then time-and frequency-domain constraints are incorporated into the error function in Section I11 to demonstrate the flexibility and capability of this approach. Section IV gives a new definition of 2-D half-band filter extended from l-D half-band filter and includes a design example using the eigenfilter approach. In Section V, we make a detailed comparison of this method with the wellknown McClellan's transformation method [ 51 in terms of passband ripple, stopband attenuation, filter contour and design time, and discuss the choice of the reference frequency point; We also extend the eigenfilter method to design a 3-D circular symmetric low-pass filter very easily. Finally, Section V gives a summary. For a 2-D quadrantal symmetric filter with N~ and N~ odd, its impulse response h( nl, n 2 ) has the following relationshp: as
Notice that A and C(w1,wd are both column vectors; Then from (1) and (8), the stopband error can be defined where ( wlO, w20) is the reference frequency point in the passband we choose to approach the passband to this desired reference frequency response. This enables us to write the total error E as a quadratic in A , this will lead to the eigenformulation E = A'QA, and -- and a(n1, n 2 ) is related to the filter impulse response h(n19n2) by Q = a Q p + PQ, where a and P are weighting contants. For N odd, the size of matrix Q is ( ( N + 1)/2)2 X ( ( N + 1)/2)2, and the ele-
, n 2 = 1 , * . * , -2 2
-
For simplicity, let Nl = N2 = N and define a column vector as Once the matrix Q is obtained according to the design requirement, we can compute the eigenvector A whch corresponds to the smallest eigenvalue, it is easy to get the filter impulse response h( n,, n 2 ) from the eigenvector A A similar procedure can be applied for the 2-D case for by (6).
N even. The amplitude response in this case is 1 N / 2 N / 2 low-pass filter, for a circular filter design it is difficult to express (10) in a closed form, hence the numerical integration method is used to approximate the integral in (10). 
Example 2.4: Design of 2 -0 Filters with Minimum Energy Stopbands
Designing such filters, we only consider the stopband attenuation by setting a = 0, /3 = 1 [l] . The response shown in Fig. 4 is that of a 15x15 2-D filter with -52.21-dB minimum energy stopband whose don't care passband is a circular region with radius 0 . 3~.
Example 2.1. Design of 2 -0 Rectangular Low-Pass Filter
In this example, we want to design a 2-D rectangular low-pass filter whose specification is shown in Fig. l(a) , where wpl, wsl and wp2, ws2 represent the passband and stopband cutoff frequencies in the w1 and w2 axes, respectively. For this design if we take the origin of the passband as the reference frequency point, i.e., (w,,, w2,) = (O.,O.), then (10) is easy to express it in closed form; Fig. l(b) shows a 27 X 27 2-D square low-pass filter with wpl = wp2 = 0.4n, wsl = ws2 = 0 . 6~. The filter deviation and design time, including those of all other examples are summarized and tabulated in Table I and discussed in Section V.
2-D EIGENFILTERS WITH SIMULTANEOUS TIME-
AND FREQUENCY-DOMAIN CONSTRAINTS Error functions that are more general than (1) can be formulated in order to take into account time-and/or frequency-domain constraints. In this section, we will demonstrate the capability of the present approach by means of three examples.
Example 3.1: Design of 2-D Elliptical Low-Pass Filters which can Reject Unwanted Known Signal
For simplicity, we like to design the filter which can reduce occasional unwanted input signal with the waveform: Example 2.2: Design of 2 -0 Circular/Elliptical Low-Pass Filter s ( i , j ) ,
circular/elliptical low-pass filter in which the passband edge is described by the following relation: and the overall quadratic objective function to be minimized is therefore
The specification of such a 2-D elliptical filter can be referred to Fig. 2(a) , if Nl = N2 = 19, wpl = 0.3n, wp2 = 0.7n, wsl = O S T , w,2 = 0 . 9~~ a = / ? = 1, r = L = 11, and the unwanted waveform s ( i , j) is 11 X 11 in length with the following type:
using eigenfilter approach, the resultant 2-D elliptical filter which rejects the above waveform is shown in Fig. 5 .
Example 3.2: Design of 2 -0 Filters with Some of Impulse Response are Constrained to Zero
In 1-D filters, if the frequency response is symmetrical around w = n/2, then the every other impulse response sample is exactly zero [6], we can extend this to the 2-D cases, for example, the 2-D frequency response shown in Fig. 6 is symmetric about both Wl = n/2 and W, = n/2 in the first quadrant, hence the 2-D impulse response for N odd (25) Thus we can delete the zero elements in column vector A and eliminate their corresponding rows and columns in matrix Q, the order of matrix Q is greatly reduced, and we can save a lot of computation time in this filter design. 
JV. 2-D HALF-BAND FILTER DESIGN
Recently, an improved method to design 1-D half-band filters is developed by Vaidyanathan and Nguyen [7] , by first designing a one-band prototype filter G ( Z ) of order ( N -1)/2, whose passband extends from 0 to 2wp and the transition band is from 2wp to n with no stopband, then the 1-D half-band filter H ( Z ) is related to G ( Z ) by Then the stopband cutoff frequency w, = n -wp and the passband and stopband deviations 6 J w ) and a, ( w ) satisfy a, , ( w ) = a,( n -w ) automatically, this improved method greatly reduces the design time by a considerable amount Similarly for 2-D case, we can first design a one-band 2-D square filter G ( Z l , Z , ) where the cutoff frequencies wpl = wp2 and the rest region is the transition band with no stopband, then construct a 2-D half-band filter by PI. Fig. 8(a) shows a one-band 2-D square filter G (Zl, 2, ) with length 16 X 16 and wpl = wp2 = 0 . 8 4~, and the corresponding 2-D half-band filter is designed and shown in Fig. 8(b) . 
V. COMPARISONS AND DISCUSSIONS
ON PERFORMANCE To demonstrate the eigen-design approach, we make a detailed comparison of this method with the well-known McClellan transformation method [5] in terms of passband ripple, stopband attenuation, filter contour, and design time. The characteristics of all the examples are summarized in Table I ; It is to be noted that design time on VAX 11/780 computer is shorter if q ( n , m ) integration can be formulated in a closed form, but it is generally longer if numerical integration is needed to use. Notice that the contours in Fig. 1O (c) are no longer circles and become square shape for higher frequencies and the eigenfilter contours in Fig. 10(b) are not distorted.
Example 5.2: 3 -0 Sphere Low-Puss Filter Design The eigenfilter approach can be fairly easily extended to higher dimension digital filters, as an example, the frequency response of a 3-D N X N X N octogonal symmetric filter for N odd can be formulated as follows: By modifying the technique stated in Sections 11 and 111, the error function can be formulated in the same way to design a 3-D filter. Fig. ll(a) shows the 3-dB gain surface of a l l x l l x l l 3-D sphere low-pass filter with wp= 0.5m, w, = 0.7m, a = p = 1, and the reference frequency point (wlo, wzo, w30) = (O.,O.,O.), Fig. ll(b) shows the frequency response of the 3-D filter along the w,, w2-axis plane, and w3 = 0.
VI. CONCLUSIONS
In this paper, the 1-D eigenfilter approach is extended for designing 2-D FIR filters; This approach is simple and powerful, and can be fairly easily extended to higher dimension digital filters. Several numerical design exam-ples are used to illustrate the effectiveness of tlus approach.
